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Abstract.
We discuss collision of three identical particles and derive scattering selection
rules from initial to final states of the particles. We use either hyperspherical or
Jacobian coordinates depending on which one is best suited to describe three different
configurations of the particles: (1) three free particles, (2) a quasi-bound trimer, or (3)
a dimer and a free particle. We summarize quantum numbers conserved during the
collision as well as quantum numbers that are appropriate for a given configuration but
may change during the scattering process. The total symmetry of the system depends
on these quantum numbers. Based on the selection rules, we construct correlation
diagrams between different configurations before and after a collision. In particular,
we describe a possible fragmentation of the system into one free particle and a dimer,
which can be used, for example, to identify possible decay products of quasi-stationary
three-body states or three-body recombination.
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1. Introduction
Quantum systems of three identical particles have attracted a considerable interest
during the last years, principally due to very recent experimental and theoretical
advances in the field of ultra-cold degenerate gases. One such example of the recent
experimental advances is the observation of three-body Efimov states [1] in ultra cold
gas of cesium [2]. Another motivation to study quantum few-body problems is due to
recent experiments with interacting atoms and molecules trapped in optical lattices.
The interaction between a few atoms (or molecules) in optical traps can be changed by
an appropriately chosen external field. Understanding and controlling the interaction
between atoms (and molecules) in optical lattice contributes into the progress in the
domain of quantum information and quantum computing.
One aspect of the interaction in the three-body system is the selection rules
determining allowed and forbidden final states of the system after the scattering process.
For three identical particles, there are three possible configurations before, during and
after a collision. Namely, (1) the three particles are far from each other and do not
interact at all, (2) two of the three particles are close and interact with each other, but
the third particle is situated far from them and therefore can be considered as free,
and (3) the three particles are close to each other such that the interaction between
them cannot be neglected. For each of these configurations, one can assign a set of
appropriate quantum numbers. Before and after a collision, the configuration may
change. Therefore, the set of quantum numbers may also be different before and after
the collision. However, there are relationships between the sets corresponding to different
configurations. In addition, some quantum numbers are the same in the three sets and
are therefore conserved during the collision. Such correlations between the three sets
of quantum numbers are the consequence of the conservation of symmetry of the total
wave function of the system. The symmetry of rotational and vibrational wave functions
of the system of three indistinguishable particles has been studied previously by several
authors [3, 4, 5, 6, 7, 8]. However, there was no systematic description of the correlation
between quantum numbers appropriate for all the three possible configurations. In this
article, we discuss the three sets of appropriate quantum numbers and derive the rules
describing the correlations between different quantum numbers in the three sets. Since
there exist some selection rules regarding the change in the quantum numbers, we derive
and discuss them in detail.
In section 2, we will give a brief overview of symmetry properties of the three
identical particles and general rules for construction of wave functions. Then, in section
3, we present wave functions and the corresponding quantum numbers appropriate for
each of the three configurations of the system. In section 4, we derive the scattering
selection rules and represent them by diagrams of correlation between the three sets
of quantum numbers, similar to the case of diatomic molecules [9]. Finally, section 5
contains our conclusions.
Correlation diagrams in collisions of three identical particles 3
2. System and symmetry
The group S3 of permutations of three identical particles is isomorphic to the point group
of symmetry C3v. Geometrically, the system with the C3v symmetry can be represented
by a flat equilateral triangle containing the six following elements: three reflexions σv
through three vertical planes perpendicular to the plane of the triangle, two rotations C3
by 2π/3 in the plane of the triangle and the identity operator E [10, 11]. Adding to S3
the operator of inversion I, the new group S3⊗I becomes isomorphic to the point group
D3h, which itself can be represented asD3h = C3v⊗σh, where σh is the reflection through
the symmetry plane. Relative motion of three structureless particles is characterized by
the C3v group. If rotation of the whole system in a space-fixed coordinate frame needs
to be accounted for, then, the symmetry of the system is represented by the D3h group.
In our discussion we will be using the same notations for elements g of the group D3h
as in [11]; the 12 elements g are E, (12), (13), (23), (123), (132) without inversion plus
the same elements with the inversion E∗.
Each eigenstate of the Hamiltonian of the system is transformed in the D3h group
according to one of the six D3h irreducible representations: A
′
1, A
′′
1, A
′
2, A
′′
2, E
′, or E ′′.
The representations E ′ and E ′′ are two-dimensional. For convenience, we define bases
in the E ′ and E ′′ representations. Namely, in the two-dimensional space of E ′ we use
two orthogonal basis states, E ′+ and E
′
−, whose properties are such that
(123)E
′
± = e
iωE ′± (1)
(12)E
′
± = E
′
∓ , (2)
where ω = 2π/3. The basis states turn into each other through operator (12). The
basis states, E ′′+ and E
′′
− in the E
′′ representation are defined in the same way.
Having defined the bases in E ′ and E ′′, we can represent an arbitrary state
ψ of the system as a superposition of eight functions, each transforming as
A′1, A
′′
1, A
′
2, A
′′
2, E
′
+, E
′
−, E
′′
+, or E
′′
−. Each term in the superposition can formally be
obtained by projecting the state ψ on the corresponding function. The projector
operator on the basis state Γ is represented by the following sum
PΓ(ψ) =
∑
g∈D3h
χΓggψ . (3)
Here, the sum is taken over all 12 elements g of the D3h group. This formula is just the
regular projector on a one-dimensional irreducible representation Γ of D3h. Therefore,
in the above equation, χΓg are the well-known characters [11] if Γ is an one-dimensional
irreducible representation. Coefficients χΓg for the states E
′
± or E
′
± are given in table 1.
For simplicity, we will only consider the coordinate part of total wave function of
the system. The electronic and nuclear spin statistics of three identical particles can be
described using a similar approach, which is briefly discussed in our conclusion.
We are interested in selection rules in the collision process, which starts with a given
state ψ of the system. The state ψ is usually specified by a set of quantum numbers
that are appropriate for the initial configuration of the system. These quantum numbers
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Γ E (123) (132) (12) (23) (13) E∗ (123)∗ (132)∗ (12)∗ (23)∗ (13)∗
E ′± 1 e
∓iω e±iω 1 e±iω e∓iω 1 e∓iω e±iω 1 e±iω e∓iω
E ′′± 1 e
∓iω e±iω 1 e±iω e∓iω -1 −e∓iω −e±iω -1 −e±iω −e∓iω
Table 1. Coefficients χΓg in the projector formula (3) for E
′
± and E
′′
± basis states.
Coefficients χΓg for one-dimensional irreducible representions of the D3h group are
equal to the corresponding characters [11]. Operators E and E∗ are the identity and
inversion operators correspondingly.
are in general not conserved during the scattering process. However, they are sufficient
to decompose the state into the sum of irreducible representation of the group D3h. A
given irreducible representation is conserved during the collision and can be viewed as a
good quantum number, allowing the characterization of the possible final states of the
system. Therefore, decomposition of initial states into irreducible representations of D3h
allows us to derive the selection rules, i.e. to point out which final states (characterized
by other set of quantum numbers) are not accessible from that given initial state; if
the operator PΓ acting on ψ gives identically 0, it means that final states transforming
according to Γ are not accessible from the initial state ψ.
3. Configurations and adapted wave functions
Before deriving the selection rules, we derive relations between appropriate quantum
numbers at different configurations of three identical particles and irreducible
representations that the quantum numbers correspond to. These quantum numbers
describe entirely symmetry properties of the spatial wavefunction.
3.1. Short distances
We consider that the three particles are situated at short distances from each other if the
potential of interaction in each pair of the particles is much larger than the rotational
energy of the relative motion. We define the short range region in this way to be able
to separate vibrational and rotational motion of the system and use vibrational and
rotational quantum numbers of the three particles. Therefore, the total wave function
is written as a product of rotational R and vibrational φ factors:
ψ = R(α, β, γ)φ(ρ, θ, ϕ) , (4)
where α, β, γ are the Euler angles defining orientation of the plane of the three
particles in the space-fixed coordinate frame; ρ, θ, and ϕ represent three independent
vibrational coordinates defining relative positions of the three particles. Here, we use
the hyperspherical coordinates [12] to describe the relative motion.
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The rotational wave function of the D3h system is described by the symmetric top
eigenstates [10]:
R(α, β, γ) =
[
2J + 1
8π2
]1/2 [
DJM,K(α, β, γ)
]∗
, (5)
where J is the total angular momentum of the system, M and K are respectively its
projections on the space-fixed and molecular axes. These numbers are constants of
motion of the symmetric top and sufficient to define completely the rotational state
of the system. The correspondence between the quantum numbers J,M,K and the
irreducible representations of such rotational functions is summarized in table 2, which
is obtained from the symmetry properties of the Wigner functions DJM,K(α, β, γ) [11, 13]
in the D3h group and from the coefficients χ
Γ
g of (3).
Γ K J
A′1 0 even
A′2 0 odd
A′1
⊕
A′2 0 (mod 3)∧( 6= 0) ∧ (even)
A′′1
⊕
A′′2 0 (mod 3)∧(odd)
E ′± 6=0 (mod 3)∧(even)
E ′′± 6=0 (mod 3)∧(odd)
Table 2. Allowed quantum numbers for the rotational wave function R(α, β, γ).
In the rigid rotor approximation, the vibrational wave function depending on three
coordinates is transformed according to the irreducible representations of the C3v group.
If such vibrational states are obtained numerically, their irreducible representations
are determined by their symmetry properties. If the normal mode approximation is
used for the vibrational states, one can assign to each vibrational state the label of
an irreducible representation based on three vibrational quantum numbers v1, v2 and
l2 describing the three-dimensional harmonic oscillator of the C3v symmetry. We use
notation |v1, vl22 〉 to specify the corresponding wave function. The quantum number
v1 describes the symmetric stretch mode, which preserves the equilateral configuration
of the system. The value of v2 indicates the number of asymmetric radial vibrational
quanta. The quantum number l2 indicates the number of quanta in the vibrational
angular momentum mode and can only take values −v2,−v2 + 2 . . . v2 − 2, v2. The
transformation properties of these vibrational functions are well known (see, for example,
[11, 15, 16]) and depend only on the quantum number l2 (see table 3).
An example of the system where normal mode approximation works well for several
low-lying vibrational states is the H+3 ion. For instance, the H
+
3 wave functions and the
corresponding normal mode quantum numbers are shown and discussed in [16]. The
bound state component of three-body resonances could also possibly be represented
using the normal mode approximation. However, the approximation cannot be used
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Γ l2
A1 0
A1
⊕
A2 0(mod3) ∧ ( 6= 0)
E 6= 0(mod3)
Table 3. The table summarizes the C3v symmetry properies of the vibrational wave
functions obtained in the normal mode approximation.
for the continuum component of the resonances and for scattering states of the three
particles. They have to be calculated numerically.
3.2. Large distances
We consider that the particles are at large distances if at least one particle is far from the
two others such that the interaction of the particle with the two others can be neglected.
There are two distinct configurations at large distances: three free particles or one free
particle and two interacting particles. For simplicity, we call the interacting pair dimer.
Correspondingly, the Hamiltonian of the system at large distances can be separated in
two or three non-coupled Hamiltonians describing the free particle(s) and the dimer.
3.2.1. Three free particles The total Hamiltonian depends on six coordinates (the
motion of the center of mass is separated): three hyperspherical coordinates and the
three Euler angles [5, 12]:
H = − 1
2µ
[
1
ρ5
∂
∂ρ
(
ρ5
∂
∂ρ
)
− Λ
2
ρ2
]
. (6)
The grand angular momentum operator Λ depends on the three Euler angles and two
hyperangles θ and ϕ. The symmetry of the eigenfunctions of the Hamiltonian is entirely
determined by eigenfunctions FΛ,υ,J,M,µ(α, β, γ, ϕ, θ) of Λ2
Λ2FΛ,υ,J,M,µ = Λ(Λ + 4)FΛ,υ,J,M,µ . (7)
The functions FΛ,υ,J,M,µ are characterized by five quantum numbers Λ, υ, J,M, µ, each
corresponding to an operator [5]:
(i) the grand angular momentum squared Λ2 with eigenvalues Λ(Λ + 4) where Λ =
0, 1, 2, ..;
(ii) the operator S = i2∂/∂ϕ, which determines the property of FΛ,υ,J,M,µ with
respect to binary and cyclic permutations of the particles and has eigenvalues
υ = Λ,Λ− 2, ...,−Λ + 2,−Λ;
(iii) the square of angular momentum J2 with eigenvalues J(J + 1) where J ≤ Λ;
(iv) the projection Jz of angular momentum on a space fixed axis with eigenvalues
M = −J,−J + 1, ..., J − 1, J ;
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(v) the operator lifting the degeneracy for linearly independent solutions still existing
for given values of Λ, υ, J,M with the quantum number µ.
Functions F are written as the finite sum [5]:
FΛ,υ,J,M,µ(α, β, γ, ϕ, θ) = e−i
1
2
υϕ
∑
|N |≤J
DJM,N(α, β, γ)g
ΛυJµ
N (θ) . (8)
Since the hyperangle θ is unchanged by permutations, the explicit description of the
function gΛυJµN (θ) is not important for our discussion. Using the symmetry of the Wigner
functions and the transformation of the hyperangle ϕ, one obtains transformations of
the function F under the operations of D3h:
E∗FΛ,υ,J,M,µ = (−1)ΛFΛ,υ,J,M,µ (9)
(12)FΛ,υ,J,M,µ = (−1)JFΛ,−υ,J,M,µ (10)
(123)FΛ,υ,J,M,µ = e−iωυFΛ,υ,J,M,µ , (11)
The symmetry properties of functions FΛ,υ,J,M,µ are summarized in table 4.
Γ υ Λ J
A′1 0 even even
A′′1 0 odd even
A′2 0 even odd
A′′2 0 odd odd
A′1
⊕
A′2 0(mod 3) even
A′′1
⊕
A′′2 0(mod 3) odd
E ′ 6= 0(mod3) even
E ′′ 6= 0(mod3) odd
Table 4. Allowed quantum numbers for three free particles
Since the three particles do not interact with each other, instead of hyperspherical
coordinates, one can also use spherical coordinates for each particle separately ~r1, ~r2, ~r3.
Then, the total wave function is written as product
ψ(~r1, ~r2, ~r3) = φa(~r1)φb(~r2)φc(~r3) , (12)
where indices a, b, and c specify one-particle states. To obtain definite irreducible
representations of D3h from the product above one has to apply (3). The allowed
irreducible representations depend on the quantum numbers a, b, and c: If angular
momenta la, lb, lc are defined for each state a, b, and c, the parity of the whole system
is definite and given by (−1)la+lb+lc . If any two of the three states a, b, and c are not
equal to each other, all three irreducible representations, A1, A2, or E of the allowed
parity are possible (the sum of (3) does not vanish). If two of the three indices a, b, and
c are equal to each other, only A1 and E are possible. Finally, if all three indices are
the same, only A1 irreducible representation is allowed.
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3.2.2. One dimer and one free particle We start with the non-symmetrized case, let
say, particles 1 and 2 form a dimer, particle 3 is far from the dimer. The interaction
between the dimer and particle 3 is negligible. Here, we use the mass-scaled Jacobi
coordinates defined as ~r = (3/4)1/4(~r2 − ~r1) and ~R = (4/3)1/4(~r1+~r22 − ~r3) [3]. In these
coordinates, the kinetic energy operator has the simple form:
T = − ~
2
2µ
(△~r +△~R) , (13)
with the 3-body reduced mass µ = m/
√
3. Thus, the Hamiltonian is
H = − ~
2
2µ
△~R +H12 , (14)
where H12 describes internal motion of the dimer. The conserved quantities for this case
are the two angular momenta jr and JR and their projections mr and MR associated
with ~r and ~R correspondingly, the vibrational state v of the dimer and the kinetic energy
ǫ associated with motion along R. The wave function of the system (excluding the factor
describing motion of center of mass) has the form
φv,jr(r)Yjr,mr(Ωr)uJR,ǫ(R)YJR,MR(ΩR)/R , (15)
where Yj,m(Ω) is a spherical harmonic depending on two angles collectively called Ω,
φv,jr(r) is the vibrational state of the dimer, uJR,ǫ(R) is the R-radial part corresponding
to the free motion, i.e. the usual Bessel function. For us it is more convenient to
construct the state with a definite total angular momentum ~J = ~jr+ ~JR from the states
of (15) as in [3]
ψJ,M,ǫv,jr ,JR(~r1, ~r2, ~r3) = YJ,Mjr,JR(Ωr,ΩR)φv,jr(r)uJR,ǫ(R)/R , (16)
where the bipolar spherical harmonic YJ,Mjr,JR(Ωr,ΩR) is
YJ,Mjr,JR(Ωr,ΩR) =
∑
mr ,MR
CJ,Mjr,mr,JR,MRYjr,mr(Ωr)YJR,MR(ΩR) . (17)
The wave function of (16) does not belong to a definite irreducible representation.
Again, (3) is used to project the wave function on any of the one-dimensional irreducible
reppresentations or to basis states E ′± and E
′′
± of D3h. For the present case, it is more
convenient to rewrite (3) in the form where operators (123) and (132) are written as
products (23)(12) and (31)(12):
PΓ = E+ χ
Γ
12(12) + χ
Γ
23(23) + χ
Γ
23χ
Γ
12(23)(12) + χ
Γ
31(31) + χ
Γ
13χ
Γ
12(31)(12)
+p.t.∗ =
(
E+ χΓ23(23) + χ
Γ
31(31)
) (
E+ χΓ12(12)
) (
E+ χΓE∗E
∗
)
, (18)
where ’+p.t.∗’ means that we add all previous terms multiplied with the inversion
operator E∗. The effect of operator E∗ and (12) is easily evaluated: The only factor in
(16) that changes under E∗ and (12) is the bipolar harmonic. The operator E∗ acting
on the ΩR part in (17) gives the same factor multiplied with (−1)JR, acting on the Ωr
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part gives an additional factor (−1)jr . The operator (12) changes only the Ωr factor,
giving the factor (−1)jr :
(12)ψJ,M,ǫv,jr ,JR = (−1)jrψJ,M,ǫv,jr ,JR
E∗ψJ,M,ǫv,jr ,JR = (−1)JR+jrψ
J,M,ǫ
v,jr ,JR
(19)
Therefore, we can rewrite (18) as:
PΓψ
J,M,ǫ
v,jr ,JR
=(
1 + χΓ23(23) + χ
Γ
31(31)
) (
1 + (−1)jrχΓ12
) (
1 + (−1)JR+jrχΓE∗
)
ψJ,M,ǫv,jr ,JR (20)
The above combination is identically zero if either the second or the third factor is zero.
Thus, we obtain the combinations of JR and jr allowed for states transforming as Γ.
The results are summarized in table 5.
Γ jr JR
A′1
⊕
E ′ even even
A′′1
⊕
E ′′ even odd
A′2
⊕
E ′ odd odd
A′′2
⊕
E ′′ odd even
Table 5. Allowed quantum numbers for the dimer+free-particle configuration. The
trivial A′1 state with jr = JR = 0 is not included this table.
4. Correlations between configurations
The correlations between quantum numbers appropriate at different configurations of
the three particles are derived from conservation of the symmetry, i.e. irreducible
representation of the state of three particles. The possible correlations for several values
of quantum numbers are summarized in figures 1 and 2 for total angular momentum
J = 0 and J = 1. Since the symmetry depends only on the quantum numbers K and
l2 at small distances, on Λ and υ for the non-interacting particles, and on jr and JR for
the dimer+particle configuration, only these quantum numbers are specified in figures
1 and 2.
With help of figures 3 and 4, we give an example of how the selection rules can
be applied. Figure 3 shows several adiabatic hyperspherical curves for a three-body
model system. Such curves are obtained diagonalizing the rovibrational Hamiltonian
in the space of the hyperangles, treating the hyper-radius as a continuous parameter.
Rotational degrees of freedom (Euler angles) are also quantized. The particular example
we consider is the actual He3 potential [17] multiplied uniformly with an factor to
obtain a deeper potential well for the trimer. The origin of the energy corresponds to
the energy of the three particles at infinite separation from each other. For simplicity
of the discussion, we consider that the total angular momentum J of the system is
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Figure 1. Correlation diagram between the dimer+free-particle and three-free-
particles configurations. The quantum numbers used in this diagram are defined in
section 3.
zero. Therefore, the symmetry of the rotational part of the wave function is A′1.
In figure 3, asymptotically-large values of the hyper-radius correspond to three-free-
particle configuration if the energy of the system is positive and to the dimer+particle
configuration if the total energy is negative. The lowest possible energy in the asymptotic
region is the energy of the dimer in the ground rovibrational state. For the considered
model system, the dimer has only one possible vibrational state v = 0 and four rotational
levels jr = 0, 1, 2, and 3.
The selection rules could be applied to collisions of three particles or to the decay of
a quasi-bound three-body state (half-collision). As an example, we consider the decay
of a quasi-bound state with the total energy larger than zero. After the decay, the
system may end up in the three-free-particles configuration or in the dimer+particle
configuration. For example, if the initial state has symmetry A′1, the dimer+particle
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Figure 2. Correlation diagram between the dimer+free-particle and three-free-
particles configurations. The quantum numbers used in this diagram are defined in
section 3.
configuration is possible only if jr is an even number. This is clearly seen in figure 3:
adiabatic curves of the A′1 symmetry correlate at large hyper-radii only with dissociation
thresholds with jr = 0 and 2, which is consistant with the correlation diagram shown in
figure 2. Similar analysis can be done for the E ′ initial state. However, E ′ short-range
states can end up with all possible values of jr. There is no quasi-bound states of the
A′2 symmetry for the considered three-body potential. However, if we assume having
the three free particles collide in an A′2 initial state, after such a collision only dimers
with odd angular momenta jr can be produced: A
′
2 curves in figure 3 correlate only
with odd jr at large distances. Such initial arrangement of the three colliding identical
particles can be produced experimentally, for example, in ultra-cold gas of fully polarized
fermionic atoms, such as 40K.
As mentioned above, the irreducible representation of wave functions in
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Figure 3. (Color online) Adiabatic curves for the model three-body potential
discussed in the text. The total angular momentum J = 0. All coordinates except
the hyper-radius are quantized. Since the irreducible representational is determined
by the symmetry of the wave functions with respect to the (hyper-)angles ϕ and γ,
each curve is labeled with the index of an irreducible representation. For J = 0, only
positive parity (A′1, A
′
2, or E
′) is allowed.
hyperspherical coordinates is determined by the behavior of the functions along the
hyper-angle ϕ and Euler angle γ. In the considered example, the dependence on γ is
trivial, since J = 0. Figure 4 demonstrates the dependence of the wave functions on θ
and ϕ obtained numerically for three qualitatively different hyper-radii: (i) short hyper-
radius, where the system behaves approximately as a rigid rotor, (ii) the intermediate
region, and (iii) large hyper-radius, where one can approximate the system by three non-
interacting particles or the dimer+particle configuration. In the intermediate region no
approximation may be applied. As it is clear from the figure, the symmetry of the wave
functions is determined by a single variable ϕ. The binary permutations (12), (23) and
(13) are equivalent, respectively, to reflexions of the functions about the three axes going
through the center of each plot in figure 4 at angles ϕ = π/6, ϕ = 5π/6 and ϕ = −π/2,
whereas the cyclic permutations (123) and (132) are respectively equivalent to change
of the hyperangle from ϕ to ϕ+ π/3 and ϕ− π/3.
5. Summary and conclusions
We have considered the sets of quantum numbers of three indistinguishable particles
for three different possible configurations: three non-interacting particles, the pair of
two interacting particles and the third one being far from the pair, and finally, three
interacting particles. Some of the quantum numbers from the three sets are the same in
the three configurations, others are appropriate only for the given configuration. During
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     0.5
    0.75
    -0.5
     0.5
      -1
       1
Figure 4. (Color online) Hyperangular wave functions of three irreducible
representations A1, A2, and E. E is represented by its two components Ea =
Real(E+), and Eb = Im(E+). Here, the parity is defined (positive) but we do not
specify it here because it is controlled by γ, that cannot be shown. In the left column
the hyper-radius is ≈ 9 a.u., in the middle column it is ≈ 20 a.u., and in the right
column it is ≈ 30 a.u. The wave functions are shown as contour plots depending on
θ and ϕ: The three upper functions are shown for only two values of contour cuts:
0.5 and 0.75; the other functions as shown for values ±0.5 and ±1. The coordinates θ
and ϕ in this graph are arranged in the polar-coordinate-like way: θ plays the role of
radius and φ plays the role of cyclic polar angle.
the process of collision of the three indistinguishable particles, all three configurations
are involved. The quantum numbers that are the same for the three configurations, are
conserved during the collision, others are transformed. We analyzed the correspondence
between quantum numbers from the three sets and derived certain selection rules
between them. The selection rules for several values of the quantum numbers are
schematically presented in figures 1 and 2 as correlation diagrams similar to the
correlation diagrams derived for diatomic molecules [9]. If needed, correlation diagrams
for other values of the quantum numbers can be easily obtained from tables 2, 3, 4,
and 5. The derived correlation diagrams can be useful in analysis of experiments with
ultra-cold degenerate atomic gases studying such processes as three-body recombination,
formation and decay of three-body resonances [2, 18, 19, 20, 21], or thermalization of
the degenerate gas.
Concluding, we would like to discuss briefly how the spin statistics can be included
in the selection rules. Treating the nuclear and electronic spin parts of the total wave
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function separately from the rovibrational part, we neglected the interaction of the
rovibrational motion with (electronic and/or nuclear) spins of the particles. Hence,
we assumed that the spin Hs Hamiltonian is separable from the the rovibrational
Hamiltonian and the total wave function of the system is constructed as a product
of the spin and spatial factors. The symmetry group of Hs is the subgroup C3v of D3h.
Correspondingly, spin eigenstates transform in D3h according to one of the A
′
1, A
′
2, or E
′
irreducible representations. The effect of the total spin of the system on the symmetry
of total wave functions can be accounted using well-known tables of products of the D3h
irreducible representations. An example of relationships between nuclear spin quantum
numbers and irreducible representations for the system of three identical particles is
given in [16] for the case of H+3 (spin-
1
2
particles) and D+3 (spin-1 particles).
Acknowledgments
Acknowledgment is made to the Donors of the American Chemical Society Petroleum
Research Fund for support of this research. This work has been partially supported by
the National Science Foundation under Grant No. PHY-0427460, by an allocation of
NCSA supercomputing resources (project # PHY-040022).
[1] Efimov V 1971 Sov. J. Nucl. Phys. 12 589; Efimov V 1979 Sov. J. Nucl. Phys. 29 546
[2] Kraemer T, Mark M, Waldburger P, Danzl J G, Chin C, Engeser B, Lange A D, Pilch K,
Jaakkola A, Naegerl H -C and Grimm R 2006 Nature 440 315
[3] Arthurs A M and Dalgarno A 1960 Proc. Royal Soc. London A 256 540
[4] Dragt A J 1965 J. Math. Phys. 6 533
[5] Mayer H 1975 J. Phys. A: Math. Gen. Vol.8 1562
[6] Mukhtarova M I and Efros V D 1986 J. Phys. A: Math. Gen. 19 1589
[7] Kendrick B K, Pack R T, Walker R B and Hayes E F 1999 J. Chem. Phys. 110 6673
[8] Willner K 2005 Ph.D. thesis: Theoretical study of weakly bound vibrational states of the sodium
trimer: numerical methods; prospects for the formation of Na3 in an ultra-cold gas (Universite´
Paris XI)
[9] Dashevskaya E I, Voronin A I and Nikitin E E 1969 Can. J. Phys. 47 1237
[10] Landau L and Lifshitz E 2003 Quantum Mechanics: Non-relativistic Theory (Burlington MA:
Butterworth Heinemann)
[11] Bunker P and Jensen P 1998 Molecular Symmetry and Spectroscopy (Ottawa: NRC Research
Press)
[12] Johnson B R 1980 J. Chem. Phys.73 5051
[13] Varshalovich D A, Moskalev A N and Khersonskii V K 1988 Quantum Theory of Angular
Momentum (World Scientific)
[14] Watson J K G 1984 J. Mol. Spectrosc. 103 350
[15] Spirko V, Jensen P, Bunker P R and Cejchan A 1985 J. Mol. Spectrosc. 112 183
[16] Kokoouline V and Greene C H 2003 Phys. Rev. A 68 012703
[17] Aziz R A and Slaman M J 1991 J. Chem. Phys. 94 8047
[18] Mark M, Kraemer T, Herbig J, Chin C, Naegerl H -C and Grimm R 2005 Europhys. Lett. 69
706
[19] Chin C, Kraemer T, Mark M, Herbig J, Waldburger P, Naegerl H -C and Grimm R 2005
Phys. Rev. Lett. 94 123201
[20] Kraemer T, Herbig J, Mark M, Weber T, Chin C, Naegerl H -C and Grimm R 2004 Appl.
Phys. B 79 1013
[21] Regal C A, Ticknor C, Bohn J L and Jin D S 2003 Nature (London) 424 47
